Abstract. We give a necessary and sufficient condition for the maximum principle of Schrödinger operators in terms of the bottom of the spectrum of time-changed processes. As a corollary, we obtain a sufficient condition for the Liouville property of Schrödinger operators.
Introduction
In [12] , we define the subcriticality, criticality and superciriticality for Schrödinger forms and characterize these properties in terms of the bottom of the spectrum of time changed processes. In the process, we prove the existence of a harmonic function (or ground state) of the Schrödinger form and study its properties. In particular, we show that it has a bounded, positive, continuous version which is invariant with respect to its Schrödinger semigroup. In this paper, we will show, as an application of this fact, the maximum principle and Liouville property of Schrödinger operators.
Let X be a locally compact separable metric space and m a positive Radon measure on X with full topological support. Denote by X △ := X ∪ {△} the onepoint compactification of X. Let M = (P x , X t , ζ) be an m-symmetric Hunt process with lifetime ζ = inf{t > 0 | X t = △}. We assume that M is irreducible and strong Feller. Let µ = µ + − µ − be a signed Radon smooth measure such that the positive (resp. negative) part µ + (resp. µ − ) belongs to the local Kato class (resp. the Kato class). We denote by A t . We show in [11, Theorem 2.1] that the minimizer of (1) exists in the extended Dirichlet space D e (E µ + ) and it can be taken to be strictly positive on X. The objective of this paper is to prove the maximum principle of Schrödinger forms by using the existence of the minimizer of (1). More precisely, let (2) H ba (µ) = {h ∈ B(X) | h is bounded above, p µ t h ≥ h}, where B(X) is the set of Borel functions on X. We here define the maximum principle by
We will prove in Theorem 3.1 that under Assumption
is equivalent to λ(µ) > 1. For the proof of this, it is crucial that if λ(µ) = 1, then the minimizer h in (1) has a bounded continuous version with p 
We will show in Corollary 4.1 that under Assumption (A), λ(µ) > 1 implies (L).
We remark that Theorem 3.1 and Corollary 4.1 can be applied to non-local Dirichlet forms. In a remaining part of introduction, we treat these two properties for strongly local Dirichlet forms, which are regarded as an extension of symmetric elliptic operators of second order. In Berestycki-Nirenberg-Varadhan [2] , they define a maximum principle for a uniformly elliptic operator of second order,
Let u 0 be the solution to the equation M u = −1 vanishing on ∂D in a suitable sense: define S by the set of sequences {x n } ∞ n=1 ⊂ D such that x n converges to a point of the boundary ∂D and u 0 (x n ) converges to 0. They say that the refined maximum principle holds for L, if a function h bounded above satisfies Lh ≥ 0 on D and lim sup n→∞ h(x n ) ≤ 0 for any {x n } ∞ n=1 ∈ S, then h ≤ 0 on D, and prove that L satisfies the refined maximum principle if and only if the principal eigenvalue λ 0 of −L is positive.
Note that u 0 equals E x (τ D ), where P x is the diffusion process with generator M and τ D is the first exit time from D. We see that if D is bounded (more generally, Green-bounded, i.e., sup x∈D E x (τ D ) < ∞), then S is identical to the set of sequences {x n } such that x n → ∂D and E xn (exp(−τ D )) → 1 as n → ∞ (Lemma 3.1, Remark 3.1). Considering this fact, we define
Assume that (E, D(E)) is strongly local and set
where C + 0 (X) is the set of non-negative continuous functions with compact support. Following [2] , we here define the refined maximum principle by
We will show that H ba (µ) ⊂ H ba (µ) (Lemma 3.4), and thus see, as a corollary of Theorem of 3.1, that λ(µ) > 1 implies (RMP) (Theorem 3.2). We would like to emphasize that if D is bounded and L is symmetric, the principal eigenvalue λ 0 of −L is positive if and only if λ(µ) > 1. However, λ(µ) > 1 does not always imply λ 0 > 0 for a unbounded domain D, while λ 0 > 0 implies λ(µ) > 1 in general (Lemma 3.5).
When (E, D(E)) is strongly local, we set
We then see that if M is conservative and (A) is fulfilled, that is,
, and consequently λ(µ) > 1 implies ( L) (Corollary 4.2). Grigor'yan and Hansen [7] calls a measure µ + big if it satisfies (A), and they prove that for the transient Brownian motion M = (P x , B t ) on R d , if µ − ≡ 0 and µ + is big, then ( L) holds. Corollary 4.1 tells us that if µ − is small with respect to µ + in the sense that λ(µ) > 1 then ( L) still holds.
Pinsky [9] treat absolutely continuous potentials
. (⇐⇒ (A)).
We will give an example of potential µ that even if sup
Schrödinger forms
Let X be a locally compact separable metric space and m a positive Radon measure on X with full topological support. Let (E, D(E)) be a regular Dirichlet form on L 2 (X; m). We denote by u ∈ D loc (E) if for any relatively compact open set D there exists a function v ∈ D(E) such that u = v m-a.e. on D. We denote by D e (E) the family of m-measurable functions u on X such that |u| < ∞ ma.e. and there exists an E-Cauchy sequence {u n } of functions in D(E) such that lim n→∞ u n = u m-a.e. We call D e (E) the extended Dirichlet space of (E, D(E)).
Let
be the symmetric Hunt process generated by (E, D(E)), where {F t } t≥0 is the augmented filtration and ζ is the lifetime of M. Denote by {p t } t≥0 and {G α } α≥0 the semigroup and resolvent of M:
We assume that M satisfies next two conditions:
is the space of bounded continuous functions on X.
We remark that (SF) implies (AC).
: Absolute Continuity Condition (AC). The transition probability of M is absolutely continuous with respect to m, p(t, x, dy) = p(t, x, y)m(dy) for each t > 0 and x ∈ X.
Under (AC), a non-negative, jointly measurable α-resolvent kernel G α (x, y) exists:
Moreover, G α (x, y) is α-excessive in x and in y ([6, Lemma 4.2.4]). We simply write G(x, y) for G 0 (x, y). For a measure µ, we define the α-potential of µ by
is said to be recurrent if the constant function 1 belongs to D e (E) and E(1, 1) = 0. Namely, there exists a sequence {u n } ⊂ D(E) such that lim n,m→∞ E(u n − u m , u n − u m ) = 0 and lim n→∞ u n = 1 m-a.e. We define the (1-)capacity Cap associated with the Dirichlet form (E, D(E)) as follows: for an open set O ⊂ X,
and for a Borel set A ⊂ X,
A statement depending on x ∈ X is said to hold q.e. on X if there exists a set N ⊂ X of zero capacity such that the statement is true for every x ∈ X \ N . "q.e." is an abbreviation of "quasi-everywhere". A real valued function u defined q.e. on X is said to be quasi-continuous if for any ǫ > 0 there exists an open set G ⊂ X such that Cap(G) < ǫ and u| X\G is finite and continuous. Here, u| X\G denotes the restriction of u to X \ G. Each function u in D e (E) admits a quasi-continuous versionũ, that is, u =ũ m-a.e. In the sequel, we always assume that every function u ∈ D e (E) is represented by its quasi-continuous version.
We call a positive Borel measure µ on X smooth if it satisfies the following conditions:
(S1) µ charges no set of zero capacity, (S2) there exists an increasing sequence {F n } of closed sets that
We denote by S the set of smooth measures. A stochastic process {A t } t≥0 is said to be an additive functional (AF in abbreviation) if the following conditions hold:
(ii) There exists a set Λ ∈ F ∞ = σ (∪ t≥0 F t ) such that P x (Λ) = 1, for q.e.
x ∈ X, θ t Λ ⊂ Λ for all t > 0, and for each ω ∈ Λ, A · (ω) is a function satisfying:
If an AF {A t } t≥0 is positive and continuous with respect to t for each ω ∈ Λ, the AF is called a positive continuous additive functional (PCAF in abbreviation). The set of all PCAF's is denoted by A + c . The family S and A + c are in one-to-one correspondence (Revuz correspondence) as follows: for each smooth measure µ, there exists a unique PCAF {A t } t≥0 such that for any f ∈ B + (X) and γ-excessive
lim
We denote by A µ t the PCAF corresponding to µ ∈ S. For a signed smooth measure µ = µ
We introduce some classes of smooth measures. 
We note that every measure treated in this paper is supposed to be Radon. We denote the Green-tight class by K ∞ (G) if we would like to emphasize the dependence of the Green kernel. Chen [3] define the Green-tight class in slightly different way; however the two definitions are equivalent under (SF) ([8, Lemma 4.1]).
Let µ = µ + − µ − ∈ K loc − K. We define the Schrödinger form by
Denoting by L µ = L−µ the self-adjoint operator generated by the closed symmetric
, we see that the associated semigroup exp(tL µ ) is expressed as exp(tL 
Maximum Principle
In this section we consider the maximum principle for Schrödinger forms. For h ∈ B(X) we denote by h + and h − the positive and negative part of h. 
, and (MP) does not hold.
In the sequel of this section, we deal with a strongly local Dirichlet form and extend a result of [2] . We set
and thus
and thus lim n→∞ E xn (e −ζ ) ≥ e −ǫ and lim n→∞ E xn (e −ζ ) = 1.
A Dirichlet form (E, D(E)
) is said to be strongly local, if E(u, v) = 0 for any u, v ∈ D(E) such that u is constant on a neighborhood of supp [v] . In the sequel of this section, we assume that (E, D(E)) is strongly local. We introduce
be a sequence of stopping times such that τ n < ζ and τ n ↑ ζ, as n → ∞, P x -a.s. Then there exists a subsequence {σ n } ∞ n=1 of {τ n } ∞ n=1
such that (9) P x ({X σn } ∈ S) = 1.
Proof. First note {ζ(θ τn ) > ǫ, τ n < ζ} = {τ n + ζ(θ τn ) > τ n + ǫ, τ n < ζ} = {ζ > τ n + ǫ, τ n < ζ} = {ζ > τ n + ǫ}.
We then have by the strong Markov property
Hence there exists a subsequence {τ
By the same argument
and there exists a subsequence {τ
By continuing this procedure we can take a subsequence {τ
The sequence {σ n := τ
Proof. This lemma can be derived by the argument similar to that in [12, Lemma 4.7] . In fact, put
Notice that by the regularity of (E, D(E)) the smallest σ-field generated by L is identical with the Borel σ-field. We then see from [5, Theorem 4.5.2] that there exists a positive Borel measure ν such that
By the definition of ν we see that ν is a Radon measure and satisfies (S2) for any increasing sequence {F n } of compact sets with F n ↑ X. Let K be a compact set of zero capacity. Then for a relatively compact open set D such that K ⊂ D, there exists a sequence {ϕ n } ⊂ D(E)∩C
We then see from the Stollmann-Voigt inequality ( [10] 
ν satisfies (S1), consequently the measure ν is smooth. The equations (10), (11) lead us to
On account of [6, Theorem 5.5.5], we have
Hence, by Itô's formula
s is a martingale and
Lemma 3.4. It holds that
Proof. Let h be a function in H ba (µ) and {T n } ∞ n=1 a sequence of stopping times defined in Lemma 3.3. We fix a point x ∈ X such that
Since T n < ζ and T n ↑ ζ, we can take a subsequence {σ n } of {T n } satisfying (9) 
Here, the second inequality above follows from the inverse Fatou's lemma because
for all x ∈ X and p µ t h(x) ≥ h(x) for all x ∈ X by letting n to ∞. Following [2] , we define the refined maximum principle:
Combining Lemma 3.4 with Theorem 3.1, we have the next theorem. If D is Green-bounded, i.e., sup x∈D E x (τ D ) < ∞, then S is identical to the set of sequences {x n } such that x n → ∂D and E xn (τ D ) → 0 as n → ∞. Indeed, take δ > 0 so that sup x∈D E x (δτ D ) < 1. Then since sup x∈D E x (exp(δτ D )) < ∞ by Has'minskii's lemma, we see sup
, the converse follows from Lemma 3.1. Let
where D is the classical Dirichlet integral. We see from [2, Theorem 1.1] that
Moreover, we see from Lemma 3.5 below that if D is bounded, then λ 0 > 0 and λ(µ) > 1 are equivalent, and so
We remark that λ 0 > 0 implies λ(µ) > 1 for a general domain D (Lemma 3.5 below), while λ(µ) > 1 does not imply λ 0 > 0 in general. In fact, consider Proof. Let H bb (µ) = {h ∈ B(X) | h is bounded below, p µ t h ≤ h}. We see, by the same argument as in Theorem 3.1, that an element h in H bb (µ) satisfies h(x) ≥ 0 for any x ∈ X. Since H b (µ) = H ba (µ) ∩ H bb (µ), this corollary is derived.
For a strongly local Dirichlet form (E, D(E)) we set by the dominated convergence theorem.
